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A new additive and semidefinite programming (SDP) computable entanglement measure is intro-
duced to upper bound the amount of distillable entanglement in bipartite quantum states by opera-
tions completely preserving the positivity of partial transpose (PPT). This quantity is always smaller
than or equal to the logarithmic negativity, the previously best known SDP bound on distillable en-
tanglement, and the inequality is strict in general. Furthermore, a succinct SDP characterization of
the one-copy PPT deterministic distillable entanglement for any given state is also obtained, which
provides a simple but useful lower bound on the PPT distillable entanglement. Remarkably, there is a
genuinely mixed state of which both bounds coincide with the distillable entanglement, while being
strictly less than the logarithmic negativity.
Introduction: Entanglement is a striking feature of
quantum physics and is a key resource in quantum in-
formation processing tasks. A quantitative theory is
highly desirable in order to fully exploit the power of en-
tanglement. A series of remarkable efforts have been de-
voted both to classifying and quantifying entanglement
in the last two decades (for reviews see, e.g., Refs. [1, 2]).
One basic entanglement measure is the entanglement
of distillation, denoted by ED, which characterizes the
rate at which one can obtain maximally entangled states
from an entangled state by local operations and classi-
cal communication (LOCC) [3, 4]. ED is an important
measure because if entanglement is used in a two party
protocol, then it is usually required to be in the form
of maximally entangled states, e.g., super-dense coding
[5] and teleportation [6], and ED fully captures the abil-
ity of a given state to generate standard maximally en-
tangled state. Entanglement distillation is also essen-
tial for quantum cryptography [7] and quantum error-
correction [3]. However, how to evaluateED for general
quantum states remains unknown.
To quantify bipartite quantum correlations, one of the
most popular tools is negativity introduced in Ref. [8]
and it was shown to be an entanglement monotone in
Refs. [9–11]. A more suitable tool is the so-called log-
arithmic negativity EN [9, 11], which remains the best
known semidefinite programming (SDP) computable
upper bound on ED so far [9, 12]. Rains’ bound pro-
posed in Ref. [12] is the best known upper bound on
ED but recently it is found to be nonadditive [13]. Other
known upper bounds of ED have been studied in Refs.
[14–17]. Unfortunately, most of these known entangle-
ment measures are difficult to compute [18] and usually
easily computable only for states with high symmetries,
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such as Werner states, isotropic states, or the family of
“iso-Werner” states [3, 15, 19, 20]. Thus it is of great in-
terest and significance to find entanglement monotones
which are easy to compute for general states.
In this paper we introduce an efficiently computable
entanglement measure EW with an operational inter-
pretation as an improved upper bound on the distill-
able entanglement, thereby significantly advancing the
study of entanglement measures. This quantity is an ad-
ditive entanglement monotone under both LOCC and
a broader class of operations completely preserving the
positivity of partial transpose (PPT), and vanishes for
the so-called PPT states. For estimating the distillable
entanglement, EW behaves better than the logarithmic
negativity. Interestingly, for some states, EW is equal to
the PPT distillable entanglement. With these pleasant
properties, EW is arguably the best known computable
and additive entanglement monotone so far. Finally, we
obtain an explicit SDP to compute the one-copy PPT de-
terministic distillable entanglement, which directly pro-
vides a computable lower bound of the PPT distillable
entanglement.
Before we present our main results, let us first review
some notations and preliminaries. In the following we
will frequently use symbols such as A (or A′) and B (or
B′) to denote (finite-dimensional) Hilbert spaces asso-
ciated with Alice and Bob, respectively. The set of lin-
ear operators over A is denoted by L(A). Note that
for a linear operator R over a Hilbert space, we de-
fine |R| =
√
R†R, and the trace norm of R is given by
‖R‖1 = Tr |R|, where R† is the conjugate transpose of
R. The operator norm ‖R‖∞ is defined as the maxi-
mum eigenvalue of |R|. A deterministic quantum op-
eration (quantum channel) N from A′ to B is simply a
completely positive and trace-preserving (CPTP) linear
map from L(A′) to L(B). The Choi-Jamiołkowski ma-
trix of N is given by JAB =
∑
ij |iA〉〈jA| ⊗ N (|iA′〉〈jA′ |),
where {|iA〉} and {|iA′〉} are orthonormal basis on iso-
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2morphic Hilbert spaces A and A′, respectively. A posi-
tive semidefinite operator EAB ∈ L(A⊗B) is said to be
PPT if ETBAB ≥ 0, i.e., (|iAjB〉〈kAlB |)TB = |iAlB〉〈kAjB |. A
bipartite operation Π : L(Ai ⊗Bi)→ L(Ao ⊗Bo) is said
to be a PPT operation if its Choi-Jamiołkowski matrix is
PPT. Separable operations can be defined similarly. A
well known fact is that the classes of PPT operations,
separable operations (SEP) [12] and LOCC obey the fol-
lowing strict inclusions [21],
LOCC ( SEP ( PPT. (1)
The concise definition of entanglement of distillation
by LOCC is given in Ref. [1] as follows:
ED(ρAB) = sup{r : lim
n→∞[infΛ
‖Λ(ρ⊗nAB)− Φ(2rn)‖1] = 0},
where Λ ranges over LOCC operations and Φ(d) =
1/d
∑d
i,j=1 |ii〉〈jj| represents the standard d ⊗ d maxi-
mally entangled state. This can also be used to define
the PPT distillable entanglement EΓ(ρAB) by replacing
LOCC with PPT operations.
In Ref. [12], Rains studied entanglement distillation
assisted with PPT operations and obtained an upper
bound on the distillable entanglement. In deriving this
bound, he introduced the “fidelity of k-state PPT distil-
lation” by
FΓ(ρAB , k) := max{Tr Φ(k)Π(ρAB) : Π ∈ PPT} (2)
which is the optimal entanglement fidelity of k⊗k max-
imally entangled states one can obtain from ρAB by PPT
operations. Rains simplified FΓ(ρAB , k) to
FΓ(ρAB , k) = max Tr ρABQAB ,
s.t. 0 ≤ QAB ≤ 1,−1
k
1 ≤ QTBAB ≤
1
k
1.
(3)
And the PPT distillable entanglement can be equiva-
lently defined as
EΓ(ρAB) := sup{r : lim
n→∞FΓ(ρ
⊗n
AB , 2
nr) = 1}. (4)
The logarithmic negativity of a state ρAB mentioned
above is defined as [9, 11]
EN (ρAB) = log2 ‖ρTBAB‖1. (5)
As shown in Refs. [9, 12], the significance of EN is high-
lighted in the following
ED(ρAB) ≤ EΓ(ρAB) ≤ EN (ρAB).
The entanglement monotone is one of the most essen-
tial features for a function to quantify the entanglement.
Any (non-negative) function E(·) over bipartite states is
said to be an entanglement monotone if it does not in-
crease on average under general LOCC (or PPT) opera-
tions [11], i.e.,
E(ρ) ≥
∑
i
piE(ρi), (6)
where state ρi with label i is obtained with probability
pi in the LOCC (PPT) protocol applied to ρ.
SDP problems [22] can be solved by polynomial time
algorithms [23]. The CVX software [24] allows one to
solve SDPs efficiently. More details on this topic can be
found in Ref. [25]. Here clearly FΓ(ρAB , k) is SDP com-
putable for any state ρAB and positive real number k
(not necessary to be integers). However, it remains un-
clear whether EΓ(ρAB) is also SDP computable due to
the complicated limiting procedure in the definition. In-
terestingly, for any bipartite pure stateEΓ coincides with
the entropy of entanglement [26].
A new SDP upper bound on distillable entanglement: We
are now ready to introduce an SDP upper bound EW on
EΓ and thus also on ED, as follows:
EW (ρAB) = log2W (ρAB),
where W (ρAB) is given by the following SDP:
W (ρAB) = max Tr ρ
TB
ABRAB ,
s.t. ‖RAB‖∞ ≤ 1, RTBAB ≥ 0.
(7)
Noticing that the constraint ‖RAB‖∞ ≤ 1 can be rewrit-
ten as −1 ≤ RAB ≤ 1, we can use the Lagrange multi-
plier approach to obtain the dual SDP as follows:
W (ρAB) = min Tr(UAB + VAB),
s.t. UAB , VAB ≥ 0, (UAB − VAB)TB ≥ ρAB .
(8)
It is worth noting that the optimal values of the primal
and the dual SDPs above coincide. This is a consequence
of strong duality. By Slater’s condition [27], one simply
needs to show that there exists positive definiteUAB and
VAB such that (UAB − VAB)TB > ρAB , which holds for
UAB = 3VAB = 31. Introducing a new variable operator
XAB = (UAB−VAB)TB , we can further simplify the dual
SDP to
W (ρAB) = min ‖XTBAB‖1, s.t. XAB ≥ ρAB . (9)
The function EW (·) has the following remarkable
properties which will be discussed in greater details
shortly:
i) Additivity under tensor product: EW (ρAB ⊗
σA′B′) = EW (ρAB) + EW (σA′B′).
ii) Upper bound on PPT distillable entanglement:
EΓ(ρAB) ≤ EW (ρAB).
iii) Detecting genuine PPT distillable entanglement:
EW (ρAB) > 0 if and only if ρAB is PPT distillable.
iv) Entanglement monotone under general LOCC (or
PPT) operations: EW (ρ) ≥
∑
i piEW (ρi).
v) Improved bound over logarithmic negativity:
EW (ρAB) ≤ EN (ρAB), and the inequality can be
strict.
3In the rest of this section we will focus on properties
i) to iii). Properties iv) and v) will be discussed in the
subsequent sections.
Property i) is equivalent to the multiplicativity of the
function W (·) under tensor product and can be proven
directly by using the primal and dual SDPs of W (·). To
see the super-multiplicativity, suppose that the optimal
solutions to the primal SDP (7) ofW (ρAB) andW (σA′B′)
are RAB and SA′B′ , respectively. We need to show that
RAB ⊗ SA′B′ is a feasible solution to the primal SDP (7)
of W (ρAB ⊗ σA′B′). That will imply W (ρAB ⊗ σA′B′) ≥
Tr(ρTBAB⊗σTB′A′B′)(RAB⊗SA′B′) = W (ρAB)W (σA′B′). The
proof is quite straightforward. Indeed from ‖RAB‖∞ ≤
1 and ‖SA′B′‖∞ ≤ 1, ‖RAB ⊗ SA′B′‖∞ ≤ 1 follows im-
mediately. Also the positivity ofRTBAB⊗STB′A′B′ is obvious.
Hence we are done. The sub-multiplicativity ofW (·) can
be proven similarly refer to the dual SDP (9) of W (ρAB).
Property ii) requires some effort and is presented in
the following
Theorem 1 For any state ρAB , EΓ(ρAB) ≤ EW (ρAB).
Proof Suppose EΓ(ρAB) = r. Then
lim
n→∞FΓ(ρ
⊗n
AB , 2
nr) = 1.
For a given k, suppose that the optimal solution to
the SDP (3) of FΓ(ρAB , k) is QAB . Let RAB = kQTBAB .
Then from the constraints of SDP (3), we have that−1 ≤
RAB = kQ
TB
AB ≤ 1. It is also clear that RTBAB ≥ 0. So RAB
is a feasible solution to the primal SDP (7) of W (ρAB).
Therefore,
W (ρAB) ≥ Tr ρTBABRAB = kTr ρABQAB = kFΓ(ρAB , k).
Hence,
lim
n→∞W (ρ
⊗n
AB)/2
nr ≥ lim
n→∞FΓ(ρ
⊗n
AB , 2
nr) = 1.
Noticing that W (ρ) is multiplicative, we have
lim
n→∞W (ρ
⊗n
AB)/2
nr = lim
n→∞ (W (ρAB))
n/2nr ≥ 1.
Therefore, W (ρAB) ≥ 2r, and we are done. uunionsq
Property iii) suggests an interesting equivalent rela-
tion between EW and EΓ in the sense that EW can be
used to detect whether a state is genuinely distillable
under PPT operations.
Theorem 2 For a state ρAB , EW (ρAB) > 0 if and only if
EΓ(ρAB) > 0.
Proof We only need to show that W (ρAB) > 1 is equiv-
alent to ρAB is an non-positive partial transpose (NPPT)
state. The rest of the proof then can be completed by
combining this fact with an interesting result from Ref.
[29]: Any NPPT state is PPT distillable.
Firstly, if ρAB is PPT, then W (ρAB) ≤ ‖ρTBAB‖1 = 1.
Assume now ρAB is NPPT, we will show thatW (ρAB) >
1. Let P− be the projection on the subspace spanned by
the eigenvectors with negative eigenvalues of ρTBAB , and
let λ = ‖PTB− ‖∞. Introduce
RAB = 1AB − 1
max{λ, 0.5}P−.
It is clear that RTBAB ≥ 0 by construction. Furthermore,
we can easily verify that −1 ≤ 1 − 2P− ≤ RAB ≤ 1.
So RAB is a feasible solution to the primal SDP (7) of
W (ρAB). Noticing that ρAB is NPPT, we have that
W (ρAB) ≥ Tr ρTBABRAB = 1−
TrP−ρTBAB
max{λ, 0.5} > 1,
where we have used the property that TrP−ρTBAB < 0. uunionsq
EW is an entanglement monotone: We are going to prove
thatEW is a proper entanglement monotone in the sense
of Eq. (6) under general PPT operations, and then it im-
plies monotonicity for LOCC. The approach is in the
spirit of the proof of the monotonicity of logarithmic
negativity in Ref. [11].
Theorem 3 The function EW (·) is an entanglement mono-
tone both under general LOCC and PPT operations.
Proof Let us consider a general PPT operation N =∑
iNi that maps the bipartite state ρ toNi(ρ)/Tr(Ni(ρ))
with probability TrNi(ρ), where Ni is CP and PPT op-
eration.
We suppose that XAB is the optimal solution to the
dual SDP (9) ofW (ρAB). It is easy to see thatNi(XAB) ≥
Ni(ρ), then Ni(XAB) is feasible to the dual SDP (9) of
W (Ni(ρ)). Therefore,
W (Ni(ρ)) ≤ ‖(Ni(XAB))TB‖1 = Tr |N TBi (XTBAB)|,
where N TBi (σ) = (N (σTB ))TB . By the fact that N TBi
is CP [12, 15], we have W (Ni(ρ)) ≤ Tr |N TBi (XTBAB)| ≤
TrN TBi (|XTBAB |). Then, we have that∑
i
piEW (ρi) ≤ log2
∑
i
piW (ρi) = log2
∑
i
W (Ni(ρ))
≤ log2
∑
i
TrN TBi (|XTBAB |)
= log2
∑
i
Tr[Ni(|XTBAB |TB )]TB
= log2 TrN (|XTBAB |TB )
= log2 Tr |XTBAB |TB = EW (ρ).
Hence, we obtain the monotonicity of EW under gen-
eral PPT operations in the sense of Eq. (6). Similar to the
logarithmic negativity, one can easily conclude that EW
is also a full non-convex entanglement monotone. uunionsq
4Comparison with logarithmic negativity: Now we dis-
cuss property iv). Before that, let us recall that ‖ρTBAB‖1
can be reformulated as
‖ρTBAB‖1 = max Tr ρTBABRAB s.t. ‖RAB‖∞ ≤ 1. (10)
Theorem 4 For any state ρAB , EW (ρAB) ≤ EN (ρAB),
and the inequality can be strict. Moreover, EW (ρAB) =
EN (ρAB) if and only if SDP (10) has an optimal solution
with positive partial transpose.
Proof The definition of EN is given in Eq. (5). Not-
ing that ρAB is a feasible solution to the dual SDP (9) of
W (ρAB), we have EW (ρAB) ≤ log ‖ρTBAB‖1 = EN (ρAB).
To see the above inequality can be strict, we focus on
a class of two-qubit states σ(r) = r|v0〉〈v0|+(1−r)|v1〉〈v1|
(0 < r < 1), where |v0〉 = 1/
√
2(|10〉 − |11〉) and |v1〉 =
1/
√
3(|00〉 + |10〉 + |11〉). The fact that EW (σ(r)) can be
strictly smaller than EN (σ(r)) is shown in FIG. 1.
To prove the second part of the theorem, let us as-
sume that the optimal solution to SDP (10) of ‖ρTBAB‖1
is RAB . If RTBAB ≥ 0, then it is also a feasible solution
to the primal SDP (7) of W (ρAB). That immediately im-
plies EW (ρAB) = EN (ρAB). Conversely, assume that
EW (ρAB) = EN (ρAB), then the optimal solution RAB
to SDP (7) of W (ρAB) is also the optimal solution to the
SDP (10) for ‖ρTBAB‖1 and it holds that RTBAB ≥ 0. There-
fore, EW (ρAB) = EN (ρAB) if and only if SDP (10) for
‖ρTBAB‖1 has a PPT optimal solution. uunionsq
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FIG. 1: This plot presents the comparison of different upper
bounds on EΓ(σ
(r)) (and ED(σ
(r)) as well). The dashed line
depicts EW (σ
(r)) while the solid line depicts EN (σ
(r)).
We further compareEW toEΓ andEN by using a class
of 3⊗ 3 states defined by
ρ(α) =
2∑
m=0
|ψm〉〈ψm|/3 (0 < α ≤ 0.5)
with |ψ0〉 =
√
α|01〉 + √1− α|10〉, |ψ1〉 =
√
α|02〉 +√
1− α|20〉 and |ψ2〉 =
√
α|12〉+√1− α|21〉.
Proposition 5 For the class of states ρ(α), we have that
EΓ(ρ
(α)) ≤ EW (ρ(α)) < EN (ρ(α)).
In particular,
EΓ(ρ
(0.5)) = EW (ρ
(0.5)) = log2
3
2
< log2
5
3
= EN (ρ
(0.5)).
Proof Firstly, it is not difficult to see that
EN (ρ
(α)) = log2 ‖(ρ(α))TB‖1 = log2(1 + 4/3
√
α(1− α)).
(11)
Secondly, we can choose XAB = ρ(α) +√
α(1− α)/3(|00〉〈00| + |11〉〈11| + |22〉〈22|) as a feasible
solution to the dual SDP (9). By a routine calculation,
we have
EW (ρ
(α)) = log2W (ρ
(α)) ≤ log2 ‖XTBAB‖1
= log2(1 +
√
α(1− α)) < EN (ρ(α)).
(12)
For α = 0.5, choose k0 = 3/2 and QAB =∑2
m=0(|ψm〉〈ψm|+1/3|ψ̂m〉〈ψ̂m|) with |ψ̂0〉 = 1/
√
2(|01〉−
|10〉), |ψ̂1〉 = 1/
√
2(|02〉 − |20〉) and |ψ̂2〉 = 1/
√
2(|12〉 −
|21〉). Noticing that ‖QTBAB‖∞ = 2/3, we have −1/k01 ≤
QTBAB ≤ 1/k01. Thus QAB is a feasible solution to the
SDP (3) of FΓ(ρ(0.5), k0), which has an optimal value 1
due to 1 ≥ FΓ(ρ(0.5), k0) ≥ Tr ρ(0.5)QAB = 1. Applying
the definition of EΓ, we have
EΓ(ρ
(0.5)) ≥ log2 k0 = log2 3/2. (13)
Finally, combining Eqs. (11), (12), and (13), we obtain
the desired chain of inequalities. uunionsq
Remark It is worth pointing out that ρ(0.5) is support-
ing on the symmetric subspace span{|01〉 + |10〉, |02〉 +
|20〉, |12〉+ |21〉}, which looks quite similar to but is actu-
ally not locally unitarily equivalent to the antisymmetric
subspace span{|01〉−|10〉, |02〉−|20〉, |12〉−|21〉}. In par-
ticular, for the corresponding 3 ⊗ 3 antisymmetric state
σ3, we have EΓ(σ3) = EW (σ3) = EN (σ3) = log2(5/3).
uunionsq
PPT deterministic distillable entanglement: The deter-
ministic entanglement distillation concerns about how
to distill maximally entangled states exactly. The bipar-
tite pure state case is completely solved in Refs. [26, 28].
We will show that PPT deterministic distillable entan-
glement of a state ρAB depends only on the support
supp(ρAB), which is defined to be the space spanned by
the eigenvectors with positive eigenvalues of ρAB . The
one-copy PPT deterministic distillable entanglement of
ρAB is defined by
E
(1)
Γ,0(ρAB) := max {log2 k : FΓ(ρAB , k) = 1, k > 0} .
Clearly E(1)Γ,0(ρAB) ≥ 0 since FΓ(ρAB , 1) = 1 trivially
holds. The asymptotic PPT deterministic distillable en-
tanglemen of ρ is given by
EΓ,0(ρAB) := sup
n≥1
E
(1)
Γ,0(ρ
⊗n)/n = lim
n≥1
E
(1)
Γ,0(ρ
⊗n
AB)/n.
5Replacing k and QAB in SDP (3) by Tr ρABRAB and
RAB/Tr ρABRAB , respectively, we can further simplify
E
(1)
Γ,0(ρAB) to log2W0(ρAB) such that
W0(ρAB) = max Tr ρABRAB ,
s.t. 0 ≤ RAB ≤ (Tr ρABRAB)1AB ,
|RTBAB | ≤ 1AB .
(14)
The first constraint in SDP (14) implies that
Tr ρABRAB ≥ ‖RAB‖∞. So any feasible RAB should be
of the form xPAB +SAB , where x ≥ 0, PAB is the projec-
tion onto supp(ρAB), and 0 ≤ SAB ≤ x(1 − P )AB .
Replacing SAB/x + PAB by RAB and noticing
E
(1)
Γ,0(ρAB) = log2W0(ρAB), we have
E
(1)
Γ,0(ρAB) = max
R
− log2 ‖RTBAB‖∞,
s.t. PAB ≤ RAB ≤ 1AB .
(15)
In particular, E(1)Γ,0(ρAB) ≥ − log2 ‖PTBAB‖∞ when RAB =
PAB . For bipartite pure entangled states this lower
bound gives the exact value of the PPT deterministic
distillable entanglement [26, 28]. However, this is not
the case for general mixed bipartite states such as ρ(0.5).
Clearly we have
E
(1)
Γ,0 ≤ EΓ,0 ≤ EΓ ≤ EW ≤ EN ,
and for ρ(0.5), and the first three inequalities become an
equality while the last one is strict. Recently, the SDP
(15) of E(1)Γ,0 was used to evaluate the PPT distillable en-
tanglement of the rank-2 antisymmetric state [30].
Conclusions: We present a new and improved SDP-
computable upper boundEW to the distillable entangle-
ment. This quantity enjoys additional good properties
such as additivity and monotonicity under both general
LOCC (or PPT) operations. EW has almost all of good
properties of logarithmic negativity while can provide a
more accurate estimation of the distillable entanglement
and it has been recently used to give a SDP-computable
sufficient condition of the irreversibility of asymptotic
entanglement manipulation under PPT operations [30].
We also show that the PPT deterministic distillable en-
tanglement depends only on the support of the state and
provides a refined SDP for the one-copy rate, which is
a natural lower bound of the PPT distillable entangle-
ment.
One interesting open problem is whether EW (ρ(0.5))
in Proposition 5 is achievable by LOCC. We hope that
this SDP-computable entanglement measure would be
useful in studying other problems in quantum informa-
tion theory.
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